Context. MHD instabilities play an important role in the dynamics and energetics of the solar atmosphere.
amplified for arbitrary flow speeds.
23
The magnetic field outside sunspots is concentrated in flux 24 tubes with kilogauss field strengths and widths of a few hun-25 dred kilometers (Stenflo 1989) . Gabriel (1976) argued that the 26 expansion of flux tubes above the photosphere is so rapid that 27 field lines at the edges are nearly horizontal, leading to a mag- 
37
The present paper extends the analysis by Taroyan (2011) to 48 We use the axisymmetric magnetic flux tube model introduced 49 by Hollweg et al. (1982) . The distance along a single field line 50 is denoted by s. The photospheric boundary is placed at s = 0.
Model and governing equations

51
The distance from the axis of symmetry is denoted by r = r(s), 52 i.e., any radial expansion or contraction of the flux tube in time 53 are assumed to be negligible. The azimuthal angle about the axis 54 of symmetry is denoted by θ. In the azimuthal direction, only 55 axisymmetric motions are considered, so ∂/∂θ = 0.
56
The model was developed by different authors to include 57 various source terms. In particular, the effects of heating, radi-58 ation, and conduction were first studied by Mariska & Hollweg 59 (1985) , and the effects of a body force were originally discussed 60 by Sterling & Hollweg (1988) . The model has been applied to 61 both linear and nonlinear problems in various solar and stellar 62 contexts (Sterling & Hollweg 1984; Mariska & Hollweg 1985 ; 63 Kudoh & Shibata 1997; Moriyasu et al. 2004; Fujita et al. 2007 ; 64 Musielak et al. 2007; Antolin & Shibata 2008) .
65
With the assumptions made above the following nonlinear 66 equations of conservation of mass, momentum, energy and in-67 duction for the mass density ρ, pressure p, the s and θ compo-68 nents of the magnetic field, (B s , B θ ), and velocity, (u 
∂ ∂t
where g s is the s component of the gravitational acceleration, γ 71 is the adiabatic index, and F is a prescribed body force acting on 72 the plasma. In the energy Eq. (4), the terms H, R represent heat-73 ing and radiative losses, respectively, while κ is the coefficient of 74 themral conduction. In the above equations, B s is a function of s 75 and does not depend on t. The condition for the conservation of 76 magnetic flux can be reduced to
provided the chosen field line is near the axis of the flux tube.
78
The body force term is borrowed from Sterling & Hollweg 79 (1988) who used this source term to model granular buffeting 80 of a flux tube and the subsequent generation of spicules. In our 81 study, the body force could be due to granular buffeting or any 82 other mechanism which combined with the source terms in the 83 energy equation supports the upflows.
84
No assumptions are made about the exact form of the ra-85 diative loss function or the phenomenological heating term H. 86 The following Eqs. (14)- (18) are derived for arbitrary radiative 87 losses and heating which may also depend on density and tem-88 perature. The equilibrium quantities of interest are expressed in 89 terms of the flow speed, temperature and the body force. The existence of a steady state equilibrium is determined by the 92 body force F and the heating rate H. An equilibrium will exist 93 if F and H are time-independent. In a realistic solar atmosphere, 94 the above assumptions can be justified if the latter two quantities 95 change slowly compared to the wave period. The equilibrium 96 structure of the flux tube is shown in Fig. 1 . The equilibrium 97 quantities are denoted by a subscript 0. The magnetic field B 0 is 98 untwisted, i.e., only the s component is present. The flux tube is 99 permeated by a field-aligned mass flow u 0 . We consider field 100 1982). The steady equilibrium is determined by the conservation 2 equations of mass (1), momentum (3) and energy (4):
d ds
where the subscript 0 denotes the corresponding equilibrium 4 quantity along a field line.
5
According to the ideal gas law, pressure is determined 6 through density and temperature. Therefore Eqs. (7) 
where c 2 s = γp 0 /ρ 0 = const. × T 0 is the sound speed and S is the 18 sum of sources and sinks of energy in Eq. (9):
The equilibrium pressure p 0 can be eliminated from Eq. (8) 
The sum of the sources and sinks of energy is defined through
22
Eq. (11). The explicit form of this term is given by Eq. (13) 23 where it is expressed through temperature (sound speed), flow 24 speed, and the body force. It shows that either S or F must be 25 positive when the flow and the temperature are constant, i.e., 26 either heating or body force are required to sustain the equilib-27 rium flow against gravitational attraction. However, the balance 28 between the body force F , the source term S and the terms in-29 cluded in S through Eq. (11) has no influence on the behaviour 30 of the Alfvénic perturbations.
31
The first term in the right-hand side of Eq. (12) can be sub-32 stituted from Eq. (10). This results in the following expres-33 sion for S in terms of the flow speed, the sound speed (or 34 temperature), and the body force:
From Eq. (12) we obtain the following expressions for the equi-36 librium quantities in terms of the flow speed and temperature:
where 
Linearised equations for torsional perturbations 51
Equations (1)- (5) can be linearised when small ampli-52 tude perturbations are considered. Incompressible torsional 53 perturbations are governed by the equations:
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Eqs. (19) and (20) can be Fourier analysed with respect to t and 1 presented in the following canonical form (Taroyan 2011) :
where
and ω is the complex frequency. Small amplitude perturbations 
Analytical results
24
The governing Eqs. (21), (22) 3.1. B 0 = const., u 0 = const.
28
According to the equation of continuity (7), the density and the
29
Alfvén speed are constant. The derivatives in expressions (24) 30 become zero and Eqs. (21), (22) are reduced to a second order
31
ODE with constant coefficients:
The general solution is
where a 1 , a 2 are arbitrary constants. 
35
The condition B 0 = const. combined with the continuity equa-
Equations (21), (22) are reduced to a second order ordinary 38 differential equation with variable coefficients:
We introduce a new variable τ:
In terms of the new variable τ, Eq. (27) can be represented as a 41 hypergeometric differential equation
with parameters
The general solution of Eq. (29) is
where 2 F 1 is the hypergeometric function and a 1 , a 2 are arbi-45 trary constants (Abramowitz & Stegun 1972) . Note that the solu-46 tion (31) is singular at τ = 1 because the real part of the exponent 47 c − a − b is negative. 
Similar to the treatment in the preceding section, a new 54 variable τ is introduced:
The change of variable leads to a hypergeometric Eq. (29). 56 The solutions are expressed through the same hypergeometric 57 functions (31) with different parameters:
Unstable modes 59
The obtained analytical results can be used to establish the pres-60 ence of unstable modes. It would be instructive to find explicit 61 expressions that reveal the dependence of the growth rate on 62 various parameters.
63
Our first simplifying assumption is that the magnetic field 64 strength is constant throughout. We also assume that the flow 65 speed is a linear function for 0 < s < L. The solution is therefore 66 given by Eq. The analytical treatment is facilitated when a small parame-10 ter exists. Equations (21), (22) 
Because 1 − τ is small we can retain only the first term in the
The coefficient a 
The counterpart z is found from Eqs. (21) and (37):
The solutions for s > L are
The continuity of the solutions at s = L gives the desired disper-
The complex frequency is therefore given by the following 28 expression:
The real part of the frequency is small because the phase speed 
42
In summary, analytical solutions are derived in 43 Sects. 3.1-3.3. The solutions are necessary to match the 44 numerical solutions at the boundary s = L. Two of the solutions 45 with a constant flow and a constant temperature/magnetic field 46 are used for the subsequent numerical treatment. The analytical 47 approach in Sect. 3.4 is based on a simplified model in order to 48 facilitate the treatment. Only physically acceptable solutions are 49 selected. The main purpose of this section is to find an analytical 50 criterion for the instability. We find that the instability requires a 51 negative gradient in the flow profile, i.e., deceleration along the 52 flux tube. This finding is later confirmed numerically for certain 53 particular cases. 
Numerical results
55
The analytical treatment in the preceding section leads to a sim-56 ple and transparent instability criterion (41). However the results 57 are obtained when the magnetic field is constant and a small pa-58 rameter τ exists. A numerical treatment is required for a more 59 realistic solar atmospheric model with variable magnetic field.
60
We consider a vertically expanding flux tube along which 61 all equilibrium quantities are continuous. The equilibrium 62 field strength is a decreasing function of height in the 63 interval 0 < s < L.
64
The continuity of the variable x at the boundary s = L 65 follows from the continuity of the field lines. The following 66 equation can be derived from the governing Eqs. (21), (22):
The continuity of z follows from Eq. (42). The shooting method 68 is applied to find the eigenfrequencies. Linear torsional perturba-69 tions are driven at s = 0 and the solutions at s = L are obtained 70 by numerically integrating the governing equations with a fourth 71 order Runge-Kutta method. The obtained solutions are matched 72 with the analytical solutions in s > L and the resulting numerical 73 algebraic equation is solved for ω.
74
A boundary condition at s = L must be specified through 75 one of the solutions derived in Sect. 3. In the photosphere and 76 chromosphere, the solar magnetic field is highly structured. At 77 photospheric levels the field appears to be clumped into intense 78 (1-2 kilogauss) bundles with diameters of a few hundred kilo-79 meters. The gas pressure inside these flux tubes is lower than 80 the outside pressure, which provides the confining force. The 81 gas pressure declines with increasing height, and the flux tubes 82 necessarily expand (e.g., Hollweg 1981) .
83
It has been argued that when the flux tubes fan out the 84 average field strength is 5-10 Gauss in coronal holes, and 85 some 50-100 Gauss in the active regions (Hollweg 1990 ). Using 86 simultaneous photospheric and chromospheric magnetograms, 87 no evidence of expansion was found by Zhang & Zhang (2000) . 88 On the other hand, with spectropolarimeter data from the SOT, 89 Tsuneta et al. (2008) estimated an upper limit area expansion 90 for flux tubes between the photosphere and lower corona in the 91 southern polar region of the Sun to be 345. We separately con-92 sider rapid and moderate expansion of flux tubes in the context 93 of the Alfvén instability. 
where λ is the constant scale height for s > L. The counterpart z 13 in the region s > L is determined from Eqs. (42), (21), (28) 14 using the differentiation formula for hypergeometric functions 15 (Abramowitz & Stegun 1972) :
In the region 0 < s < L, the equilibrium quantities are functions The mechanism of amplification is over-reflection and the 50 mechanism of damping is partial reflection of the Alfven waves 51 in the region of negative flow gradient and rapid expansion. The 52 process is discussed analytically in a simplified geometry by 53 Taroyan (2008) . ω r = 0, 2.4, 5 and ω i = −0.5, 0.5, −0.3, respectively. The 16 variation in these frequencies with the Alfvén speed is plotted in 17 Fig. 2 . There is strong amplitude increase in the region of over-18 reflection where the flow decelerates. In the upper region s > 2, 19 the amplitudes tend to decrease, but remain much higher than 20 in the lower region. It is also worth noting that the amplitudes 21 corresponding to modes with higher frequencies are larger. 
At lower heights when 0 < s < L the coefficients of the govern- are fixed, there is no need to specify the body force. It will af-10 fect the temperature profile, the source term S and vice versa. frequency and damping rate is plotted with a dotted line. The 18 remaining strongly damped modes are not shown. 
Discussion and summary
20
A vertical open magnetic flux tube in a gravitationally strati-21 fied atmosphere is considered. The tube is permeated by a ver-22 tical upflow driven by heating or a body force. Equilibria incor-23 porating the effects of a vertical force, heating, and losses are 24 derived analytically. Analytical solutions for torsional perturba-25 tions in the upper regions for different types of equilibria are 26 derived. The governing equations for torsional motions are in-27 tegrated with a fourth order Runge-Kutta method and matched 28 with the analytical solutions in the upper regions to obtain a nu-29 merical dispersion relation which is solved for the eigenmode 30 frequencies. Analytical treatment of the dispersion relation be-31 comes possible when the flux tube has a constant cross-section. 32 A steady state flux tube of constant cross-section is unstable if it 33 contains a segment where the flow decelerates.
34
A numerical analysis is carried out for flux tubes with vari-35 able cross-sections which are permeated by subsonic or super-36 sonic plasma flows. The results show that, in general, the in-37 stability favours lower Alfvén speeds and higher flow speeds at 38 the photosphere. On the other hand, the instability is suppressed 39 when the flow does not decelerate in the upper regions or when 40 the flux tube does not expand. Figure 8 illustrates this by com-41 paring three tubes two of which remain stable, whereas the third 42 one is unstable due to expansion and deceleration of the flow.
43
The equilibrium is unstable due to the presence of Alfvénic 44 perturbations. However the equilibrium does exist and it is an-45 alytically constructed in Sect. 2. In the case of an initial static 46 background the model has been tested by Hollweg et al. (1981) 47 and others. In the linear regime, the equilibrium quantities de-48 rived in Eqs. (14)- (17) remain constant in time. Figures 2-7 49 show that the perturbations are damped when the negative flow 50 gradient or the expansion factor are not large enough. The re-51 quirement of a negative flow gradient is somewhat similar to the 52 requirement of a flow shear in the Kelvin-Helmholtz instability. 53 Of course, the mechanisms are different.
54
The decelerating flow and the tube expansion essentially 55 set up a cavity between the photosphere and the height of 56 reflection/over-reflection. The generated torsional perturbations 57 exponentially grow as they bounce back and forth within the 58 cavity. It is important to emphasise that the amplifying cavity 59 is different from resonant cavities discussed by where certain 60
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24
The Alfvén speed is expected to be lower in spicular regions 25 compared with nonspicular regions due to enhanced densities.
26
On the other hand, higher Alfvén speeds would require unre- 
